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Abstract 

^ ■ Multidimensional gravitational model on the manifold M = Mq x IULi M , where Mi are Einstein 
q. spaces (i > 1), is considered. The action contains m = 2 n — 1 dilatonic scalar fields ip 1 and m 
D \ (antisymmetric) forms A 1 . When all fields and scale factors of the metric depend (essentially) on 
^ | the point of M and any A 1 is "proportional" to the volume form of submanifold M ix x . . . x M ik , 
^ '1 < i\ < ... < Zfc < n, the cr-model representation is obtained. A family of "Majumdar- 
^ Papapetrou type" solutions are obtained, when all M v are Ricci-flat. A special class of solutions 
^ (related to the solution of some Diophantus equation on dimensions of M v ) is singled out. Some 
examples of intersecting p-branes (e.g. solution with seven Euclidean 2-branes for D — 11 
supergravity) are considered. 
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1 Introduction 

Recently a growth of interest to D — 1 1 sypergrav- 
ity jl], |^] arouse. This growth was stimulated mainly 
by a suggestion that there exists a new " fundamental" 
theory so-called "M-theory" [@-§], which generalizes 
all known string theories || and whose low energy limit 
is D = 11 supergravity. M-theory describes (amongst 
other things) two supersymmetric extended objects: 
supermembrane (with two spatial dimensions) and su- 
perfivebrane (with five spatial dimensions). There ex- 
ists also a conjecture about existing of other funda- 
mental 12-dimensional theory, so-called F -theory |Q. 

Exact solutions, especially so-called p-brane solu- 
tions |J-f3j| play a rather important role in investi- 
gation of superstrings in various dimensions and its 
relation to M -theory. 

A simplest p-brane solution has the following form 

@- @-@ 

g = H a [S ab dx a ® dx b + H p i lmn dy m <g> dy n ], (1.1) 

where m,n = 0, . . . ,p; a, (3 are some parameters and 
H = H(x) is harmonic function. Here p — 1 corre- 
sponds to string, p = 2 to membrane etc. For p = 
in (1.1) we usually get an extremal black hole or multi- 
center generalization a la Majumdar-Papapetrou [Q. 
The solution (1.1) occurs in the model with (1 + p)- 
form A " proportional" to the volume form on R 1+p . 

In this pap er we consider the generalization of the 
solutions ( |l . l| ) to multimembrane case for arbitrary 
dimension, when the action of the model (see ( pTl| ) 
below) contains metric, set of dilatonic scalar fields 
ip 1 and (antisymmetric) forms A 1 , / G fl , interact- 
ing by exponential dilatonic coupling. Actions of such 
type effectively occur in various supergravity models 

||, when certain classes of pure bosonic solu- 
tions are considered. Here we consider the "multidi- 
mensional space-time" in the product form M — M$ x 
nr=i-^i> where M is "our space" and Mj (i > 1) 
are internal (originally Einstein) spaces. All mani- 
folds M v , v > are oriented and connected. We 
say that the submanifold Mi — x . . . x Mi k , 

1 < i\ < . . . < ife < n, forms a p-brane if there exists 
a solution with a non-zero form A 1 "proportional" to 
the volume form of Mj (see (2.17)). We consider the 
simplest case when scale factors of the metric and all 
fields depend (essentially) on the point of M , i.e. the 
isotropic case is considered. The solutions of such type 
(mainly with flat internal spaces Mi ) governed by sev- 
eral harmonics functions are intensively studied in lit- 
erature (see, for example, ijl^l-Q). But, to our knowl- 
edge, authors do not use regular (general) schemes for 
obtaining such solutions. For example, in |L9) a lot of 
interesting overlapping supersymmetric p-brane solu- 
tions were obtained using so-called " harmonic function 
rules" (inspired by supersymmetry arguments). 

In this paper we consider a general scheme based 



on cr-model approach. (The cr-model corresponding 
to pure gravitational isotropic model with n Einstein 
internal spaces was studied in J35|-|38]]. Thus, here as 
in ref. p8|] we extend our investigations of multidimen- 
sional cosmology ^3) to gravitational case.) In Sect. 
2 we describe the model and obtain its a -model rep- 
resentation. In Sect. 3 the non-exceptional case dg = 
dimMo 7^ 2 is considered. In this case the Einstcin- 
Pauli (EP) frame exists |||-||8|. When all internal 
spaces Mi are Ricci-fiat and cosmological term is zero, 
the cr-model in EP frame has a rather simple form al- 
lowing to obtain certain "Majumdar-Papapetrou (MP) 
type" solutions (see Proposition 1) and as a conse- 
quence to get a family of "MP-type" solutions in the 
considered model ( |3.35| )-( ^4l| ). The solutions are la- 



belled by sets f2* C fl, where f2 is defined in ( 2.16 ). 
We get restrictions on dilatonic couplings, dimensions 
of membranes d(I) = dim Mj and its signature pa- 
rameters e(J) = ±1 ( 2.31 ), / 6 In Sect. 4 we 
present the metric in the form generalizing Tseytlin's 
" harmonic function rules" . We also consider some spe- 
cial classes of solutions: i) in arbitrary dimensions 
(based on solutions of two Diophantus equations); ii) 
for D = 11 supergravity (e.g. solution with seven Eu- 
clidean intersecting 2-branes). We also consider the 
" multi-block" generalization of the solutions from refs. 
[ [j2| . p3| containing the maximal p-brane (or monopole 
in dual version). 

2 The model 

We consider the model governed by the action 
1 

2^2 



S=^ d u z^\g\{R[g]-2K 
Im 

/en 



-i-exp(2A J/ ^ J )(F / ) 2 l} + ^, 



njl 



(2.1) 



where g = guNdz M % dz N is the metric, ip 1 is dila- 
tonic scalar field, 

F 1 = dA 1 = -LFl h Mni dz Ml A ... A dz M "' (2.2) 

is n/-form (nj > 2) on D -dimensional manifold M, 
A is a cosmological constant and Xjj G R, I, J € CI. 



In (2.1) we denote \g\ — \ det(c/MJv)| , 

(^^^^..^^...^^^^•..^^^z.a) 

/ G 57, and Son is the standard Gibbons-Hawking 
boundary term |42]| . This term is essential for a quan- 
tum treatment of the pr oble m. Here is a non-empty 
finite set. The action (2.1) with A = and equal 
nj was considered recently in |2j|. (For supergravity 
models with different ni see also f22|| ) 
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The equations of motion corresponding to (2.1) 
have the following form 



R 



1 



KIN 



2* 

A[</# J " E exp(2A i ,/^)(F / )2 = 0, 



i en 



\9mnR — Tmn — ^9mn 
A 

71/ 

V Ml M(exp(2A^^)^ M ^- M »x) = 0, 
I, J en. In (U) 

Tun = EPmjv + exp(2X JI ip J )T M ' N }, 



where 



rplf _ 

MN 



rpF' 

1 MN 



- N = Om^Onlp 1 - ^9MNd P (p' r d r V 

1 r 1 



71/ ! 



niFl 



MM 2 ...M ni -^N 



I,M 2 ...M nn 



(2.4) 
(2.5) 
(2.6) 

(2.7) 

(2.8) 
(2.9) 



In (|2.5|) , (2.6) A[g] and v[<?] are Laplacc-Bcltrami and 
covariant derivative operators respectively correspond- 
ing to g . 

Let us consider the manifold 



M = M x Mi x . . . x M„, 
with the metric 

n 
i=l 

where 

.9° = 2L(aO<^ ® 



(2.10) 



(2.11) 



(2.12) 



is a metric on the manifold Mq and g l = g mi ni {Vijdy™* ® 
dy™ 1 is a metric on Mj satisfying the equation 



(2.13) 



mj,nj = A^ = const, i = l,...,ri. Thus, 

(Mi,g l ) are Einstein spaces. The functions j,<j> 1 : 
Mq — > R are smooth. Here we denote d„ = dimM^, 
i/ = 0, . . . ,n. 

We claim any manifold to be oriented and con- 
nected, v = 0, . . . , n. Then the volume d^-form 



n = VV(l«)l dy} A...Adyf\ 
and signature parameter 

= sign(det(5* )) = ±1 



(2.14) 
(2.15) 



are correctly dehned for all i = 1, . . . , n . 

Let f2 from (2J) be a set of all ordered (non-empty) 
subsets of (1, . . . , n) , i.e. 

Q = fl(n) = 

{(1), (2),..., (n), (1,2),..., (1,2,..., 7i)}. (2.16) 



Clearly, that the number of elements in f2 is |fi| = 
2" - 1 . 

For any I = (ii, . . . , if.) G Q , ii < . . . < if. , we put 
in dJ) 

A 7 = $ / t Ji A...AT ifc , (2.17) 
where functions <5> 7 : Mq — > R arc smooth, /GO, and 



r, are dehned in ( 2.14 ). In components relation ( 2.17 ) 
reads 



^{xW\g^{ yil )\. . . VWHlhJl e Pl ...p d(I) 
where 



d{I) 



di 



E* 



is dimension of the oriented manifold 

Mi = Mi 1 x ... X M ih , 

and indices Pi, ... , Pd{i) correspond to Mj . 
It follows from (2.17) that 

F 1 = dA 1 = d® 1 Ar tl A... A r lk , 

or, in components, 



(2.18) 
(2.19) 

(2.20) 
(2.21) 



F, 



-F. 



Pin...p d( i 



d^ I ^Ag~ [r \---VW\ep 1 -p d{I y 



(2.22) 
(2.23) 



It follows from (2.21) that 
71/ = d{I) + 1, 

I en. 

Remark 1. It is more correct to write in (2.11) g a 
instead g a , where g a = p* a g a is the pullback of the 
metric g a to the manifold M by the canonical projec- 
tion: p a : M — * M a , a — 0, ... ,n. Analogously, we 
shoul d wr ite $ 7 and fj instead < I >/ and n in ( 2.17 ) 
and ( 2.21 ) respectively. In what follows we omit all 
"hats" in order to simplify notations. 
For dilatonic scalar helds we put 

V 1 = f*(x), (2.24) 

I G fi. Thus, we consider Ansatz when all helds are 
essentially depending on points of M . 

The nonzero Ricci tensor components for the metric 
( fHT| ) are following @ 



R^[9] = + 9% [-A o7 + (2 - do) 

n 

- dl^djdft] + (2 - d )(7^ - 1,1*1,*) 
3=1 



i=i 

Rrmm [g] = R 



tl,»-4>i%» + <t>:M, (2-25) 



(^)[(do-2)9 7 + E d ^ 

3=1 



(2.26) 
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Here 8(3 d') = g ^ v /3, ^7,1/ and Ao is the Laplace- 
Bcltrami operator corresponding to g° . The scalar 
curvature for (2.11) is |3q] 



+ e 



-27 



R[g°}-Y, d ^) 2 



(do-2)(97) 2 -(5/) 2 -2A (/ + 7 ) 



where 



/ = /(7,0) = (*-2)7 + X)d i < 



(2.27) 



(2.28) 



Using (2.25) and (2.26), it is not difficult to verify 
that the field equations (2.4)-(2.6) for the field configu- 
rations from ( 2.11 ), ( 2.21 ) and ( 2.24 ) may be obtained 
as the equations of motion corresponding to the action 

S <T = S <r \g ,'y,<l>,<p,$] 



= 5nr/ d d °xy/W\e^{R{g°] 

n 

- £ diidcff - (do - 2)(d 1 ) 2 + (df)d(f + 27) 

i=l 

™ 1 
+ ^A^e- 2 ^-2Ae 2 ^-/: , 

i=l ' 



(2.29) 



where 

£ = £[ 5 °,<^, <&] = £[( V) 



/en 



e(l) exp(2A J/ ^ J - 2 ^ d^d^fl (2.30) 



|<7°| = | det(g° )| and similar notations are applied to 



the metrics g l , i = 1, . . . , n. In (2.30) 



e(J) = e(ii)x...xe(* fc )=±l (2.31) 

for I = (ii, ...,i k )eCl (ii < ... < i k ). 

For finite internal space volumes (e.g. compact Mj ) 

Vi= [ d d 'y l ^/\g T \< +oo, (2.32) 

J Mi 



the action (2.29) (with C from (2.30) ) coincides with 



the action (2.1), i.e. 

5 CT [ 5 ° )7 ,0,^$]=%( ff o ,7,0),^ J F($)], (2.33) 

where g — g(g°,j,<fi) and F = F(<I>) are defined by 
the relations ( [2.1l| ) and ( |2.2l| ) respectively and 



-2 _ J2, 



(2.34) 



This may be readily verified using the following rela- 



tion for the scalar curvature (2.27) |3 



n n 

R[g]^Y. e ~^ R ^+^ 2l { R \9°]-Y. d ^ 1 ) 2 

i=l i=l 

- (d - 2)(9 7 ) 2 + (df)d(f + 2 7 ) + R B ), (2.35) 



where 

Rb = (l/v^)e- / a M h2e^yF| 5 ° + 7)] 

(2.36) 

gives rise to the Gibbons-Hawking boundary term 

S G h = ^ / d D z^\g~\{-e-^R B }. (2.37) 
2k 2 J m 



We note that the second te rm in ( [2.30 ) appears due to 
the following relation (see ( [2.22] )) 



-^(F') 2 = s(I) cxp(-2 7 - 2 ]T d l i )(5$ / ) 2 .(2.38) 



3 Exact solutions 

Let us consider the case do 2 . In order to sim- 
plify the action ( [2.29 ), we use, as in ref. J38|, for do ^ 2 
the gauge 



1 

7 = 7O(0)= 2-X5> 



(3.1) 



It means that / = /(7o,</>) = 0, or the conformal 
Einstein-Pauli frame is used. (This frame does not 
exist for do = 2.) For the cosmological case do = 1, 



(it <g> (ii and (3.1) corresponds to the harmonic- 



time gauge H f|jj. ,;From ( |2~29| ), ( |2~30[ ), fTl] ) we get 



53 / tf^v^Us ] 

■/ Mo L 



G tJ g° ""drfdrf - 2V{4>) - £ [( V) 

/en 

e(J) exp(2A, 7 ^ J -2^d i i )(a$ / ) a ] }> 



where 



a® — z 



(3.2) 



(3.3) 



are the components of the (" pure gravitational" ) " midis- 
uperspace" metric on R™ (38) (or gravitational part of 
target space metric), i,j= 1, . . . ,n, and 



V = V(<f>) = A e 2 ^ - § ^ A** e - 2 ^+ 2 ^ 



o(4>) 



(3.4) 



! = 1 



is the potential. Thus, we are led to the action of a 
self-gravitating a model on Mq with a (n + 2|fi|)- 
dimensional target space = 2" — 1) and a self- 
interaction described by the potential (3.4). 
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3.1. a-model with zero potential. 

Now we consider the case \ = A = 0, i.e. all spaces 
(Mi,g l ) are Ricci-flat, i = 1, . . . , n, and cosmological 
constant is zero. In this case the potential (3.4) is 
trivial V = and we are led to the a -model with the 
following action. 

W\{R[g°] - G AB da A do B 
^e(/)exp(2i A/ a A )(9ci> / ) 2 }, (3.5) 



S a = / d d °x 



ien 



where we put 2k\ = 1. In ( p75| ) (er 4 ) = (<f>> , tp J ) G 
R w , where N = n + m, m= 101 =2" - 1, 



G = 



H 




° ) 




v 


Sij ) 



(3.6) 



is non-degenerate (block-diagonal) N x iV -matrix and 



L = [Lai) = 
is N x m-matrix with 



0/ 

Ajz 



(3.7) 



(3.8) 



iei 



i, j = !,•••, n, I, J 6SJ. 

The equations of motion corresponding to the er- 
model action (|3 . 5[) are following 



R^[g Q ]^G AB d^ A d v a B 

+ <I) exp(2L AI a A )d f2 <f I d^ 1 , 



ien 



G AB A[g°]a B 

- e(I)L AI exp(2L A i<7 A )(d$ 1 ) 2 = 0, 



i en 



9m (v^5°^exp(2L yl/( T A )^$ / 



0, 



(3.9) 

(3.10) 
(3.11) 



A = 1,...,N; JeSl. 

Now we present a special class of solutions to 
field equations (^j|)-( 3~l~l] ) (of Majumdar-Papapetrou 
type). 

Proposition 1. Let SI* C SI be a non-empty set 
of indices such that there exist a set of real non-zero 
numbers vi,I G il* (vi G R\ {0}) satisfying the rela- 
tions 

(L T G~ 1 L) IJ = -s{I){ui)-Hu, (3.12) 

/, J G Si* . Then the following field configuration 

2V[<?°] = 0, (3.13) 
(7^= ^ o^miJj + o^, (3.14) 



j _ VI expj-L^cr^) 

V , i t Si*, 

$ 7 = Cj = const, 7 G Si \ Si* 



(3.15) 
(3.16) 



af 



const, A = 1, . . . , N , satisfies the field equations 

(3.17) 



(y)-(^nj) if 

-G AB L BI e{I){ Vl )\ 



[A = 1, . . . , N; I € Si* ) ^/ satisfy ( 3.12 ) and functions 
Hj = Hj(x) > are harmonic, i.e. 



A[g°]Hi = 0, 



(3.18) 



/ G SI*. 

In ( |3.17j ) we use the notation (G AB ) = (Gab) -1 - 
The Proposition 1 may by proved immediately by a 
substitution of (3.12)-( pTl8 ) into the equations of mo- 
tion (p|)-(pll). 



Note that the relation (3.12) may be written in the 
following form 



(Li,Lj) = -e(I){vi) 
I, J G SI* , where 

Lj = {Lai) G R n 
and 

(X,Y) =X A G AB X E 



~ 2 5 



u, 



(3.19) 
(3.20) 
(3.21) 



is non-degenerate (real-valued) quadratic form. Thus, 
due to (3.19) the set of vectors (Li , I G SI*) is or- 
thogonal one and any (Zj, Zj) have the opposite sign 
to e(/), / G SI*. Clearly, if quadratic form ( [3.21 ) is 
positively definite (for our model this takes place for 
d > 2), then s(I) < for all / G SI* . 

Now, we apply the Proposition 1 to the consid- 
ered here model with Ricci-flat spaces (Mi,g l ), i = 
1,. .. ,7i, and zero cosmological constant. From 
([[]) and ( |3~2ll ) we get 



(Li,Lj) = (li,l J ) if + XiXj, 
I, J G SI , where vectors 
1 1 = (Iji) G R" 



are defined in (3.8) and 
Aj = (Xji) g R m , 



/ G SI (to = |S1|). In ( [3.22] ) 

(w,v)* =UiG lj Vj 
is a quadratic form on R" . Here, as in |38 

5i4 1 



G l ° 



j%2_ 
d; 



(3.22) 
(3.23) 
(3.24) 
(3.25) 

(3.26) 



2-D 

are components of the matrix inverse to the matrix 



(Gij) in (3.3) 



The calculation gives us the relation 
d(I)d{J) 



(li,lj}, = d(inJ) + 



2-D 



(3.27) 
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I, J G ft. Here, like in relation i G I , we identify the 
ordered set / = (ij, . . . «i < ... < ik, with the 
corresponding set . . . ,ik}- In ( 3.27 ) d(0) = 0. 

Due to Q3.19D , Q3.22| ) and ( |3.27| ) the relation fl3.12| ) 
reads 

d(lr\J) + + XjXj = - £ (/)(z/ / )- 2 «5„(3.28) 

/, J e ft* . 

For coefficients af from ( |3.17 ) we get 



aj = -\ u e{I)( Vl ) 2 , 



left*, JeU, i = 1, . . . ,n. 

Relations ( p4| ) = {<]>> ,y J )) read 



^ 4 In if i 



/en, 



(3.29) 
(3.30) 

(3.31) 
(3.32) 



/en. 



J G O ; i = 1, . . . ,n. These relations imply for 7 from 

(PD 



(3.33) 



a?lnif/+7o(0o), 

/en. 



where 



2-D 



(3.34) 



I g ft* 



3.2. The solution. 

Thus we obtained the following solutions to equations 



of motion ( 2.4 )- ( 2.6 ) with A = defined on the mani- 
fold (|2~To|): 



ven. ' i=i ven. ' 



Ric[#°] = Ric^ 1 ] 
j 



= - E A. 7/ £(/)(^) 2 lnff / + bo- 



nier.?"] = 0, 
j 



(3.36) 
(3.37) 



A 1 = 



/en. 



-rj, / g ft*, 



A 7 = CfTf, I g ft \ ft 

where CQ,Ci,Dj > 0, t^o > (7j are constants satisfying 



(3.38) 
(3.39) 



IT 



£>/ = IJcj * exp(Aj/(^o), 



(3.40) 
(3.41) 



ie/ 



TV, A 



A r ifc , for I 



(ii, . . . , ife), r* are de- 
fined in (2.14), parameters vj =/= 0, Xj = (Xji) and 
e(J) = ±1 (see ( |2.31| ) ) satisfy the r el ation ( ft.2S| ), pa- 
rameters a} , a° are defined in ( 3.29| ), (3.34), and func- 
tions Hi = Hi(x) > 0, are harmonic on (Mo,g°), i.e. 
A[g°]Hi = 0, I G In |[3|) Ric[^] is Ricci-tensor 
corresponding to . 

d = 2 case. We note that, although the presented 
here solution was obtained for d ^ 2 , it is valid also 
for do = 2. It may be verified by a straightforward 
substitution of presented above relations into equations 
of motions or using the a -model representation ( [2.29] ) 
for do = 2 . 

Due to ( |3~37l) 



(3.42) 



exp(2A^-^))= II Hf <I)v ' X " Xl , 
/en. 

I' G ft, where <p — ((p 1 ) . 

Proposition 2. For do > 2 eqs. (3.2S) imply 

e(I) = -1 (3.43) 

for all I G ft* . 

Proof. Let us suppose that e(J) = 1 for some 
7gf!». Then due to Q3.28| ) 

W)) 2 



d(J) 



2-D 
d(I) 



(D-2- d(I)) < 



(3.44) 



D-2 
or, equivalently, 

D-2- d{I) = d - 2 + d{I Q ) - d{I) < 0, (3.45) 

where here and below 



I Q ={!,.. . ,n}, 



(3.46) 



is the maximal element in ft. But due to d(Io) — d(I) > 
and do > 2, (3.45) is never satisfied. This proves the 
proposition. 



Remark 2. It follows from ( |3.2S| ) and fl3.45| ) that 
e(J) = 1 may take place only if: do = 1 , I = Iq and 
Xj<(D-l)/(D-2). 

Thus, it follows from Proposition 1 and Remark 2 
that the case of negative e(J) is rather general one. 

4 Special solutions 

In this section we consid er th e s olutio ns wit h e(I ) = 
-1 for all J G ft*. From ( ^29|) , (^34|) and ( fj| ) we 
get in this case 



I II "/ 

Ven. 



2d(I)vj 



1/(2-/3) 



*°+e n ^ * 



j=i v /en,, /9i 



(4.1) 



() 
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Here we put for simplicity cq = c,- L = 1 in (3.35) 
(As usual TT ... = 1). Relations ( 3.28 ) read 



( VI y 2 = d(i) + 



(d(I)) 2 
2 - D 



+ A?, 



I, J eft*. 

4.1. The case of orthogonal Xj 

Here we consider the case, when 
XjXj = 0, J + J, 



(4.2) 
(4.3) 



/,JeO». ^From fl4.3|) we get 
d(I)d{J) 



d(I n J) 



(4.4) 



(4.5) 



7, J e si*. 

Here an interesting problem arises: for given n a nd 
do, di, . . . , d n G N to find Jl* C £1 such that (15) is 
satisfied. 



Remark 3. It follows from ( pL5| ) that In J 7^ for 
all 7, J € 0* , i.e. any two membranes are intersecting. 
In £> = 00 case, when all sets are finite, we obtain 
7fl J = 0, I ^ J, /,J £ fi» (membranes are non- 
intersecting) . 

Here we consider a simple configuration for n > 3 : 



di = . . . = d n _i — d, 

fl* = {(l,n),...,(n-l,n)} ) 

e(l) = . . . = e(n — 1) = — e(n). 



(4.6) 
(4.7) 
(4.8) 



(The condition (3.43) is satisfied in this case. Then 
(O) reads 



d n 



{d + d n f 



(4.9) 



D-2 

This equation with the relation for total dimension 

D = d + {n-l)d + d n (4.10) 

form a set of Diophantus equations. 

Proposition 3. The set of Diophantus equations 



( p.Ep and (4.1C) has a solution if and only if in prime 
number decomposition of D — 2 : 



(4.11) 



there exists a power ki > 2 (for some i G {1, . . . , Z} ). 

Proof. Necessity. Let us suppose an opposite: 
all ki = 1 . Then (d+d„) 2 and hence d+d n is divided 
by any pj , i G {1, . . . , 1} or, equivalently, 

d+d n = m ...pi = r(D-2) -► d„ = r 2 ( J D-2),(4.12) 



r G N. Clearly, that ( 4.12 ) is impossible 



Su fficie ncy. Here we present the solution of eqs. 
flj[|), (pLlOl ). Let 



w 2 - w 2 (D - 2) = {* G {1, . . . , 0l*i > 2} (4.13) 
{lo 2 ± 0). We denote 



IL 



(4.14) 



where and powers s Q satisfy to relations 



1 < s a < 



k a 

T 



(4.15) 



a G uj ([x] is integer part of x). Then, the dimensions 

dn = (D- 2)/{p s f, (4.16) 

d = d n (p s -l), (4.17) 

d -2 = d(p s -n + 2) (4.18) 



(3 < n < p s + 2 for d > 2) satisfy eqs. ([L9J), (|T0j) 
The proposition is proved. 

The dimensions allowed by Proposition 3 are 



D = 6, 10, 11, 14, 18, 20, 22, 26, 27, . 



(4.19) 



The solution (4.1 ) for dimensions from ( 1 .16] )-( [Ll8j ) 
has the following form 



(4.20) 



where = i7. 



(i,n) : 



n-1 



H=Y[H? n ^, uf = (d + Xjy 



(4.21) 



1=1 

and A,; = A 



(i,n) 



i = l, 



, 71 — 1 . 



Now we consider few examples. 



D = 6. From fl4.16D - fl4.lSD we get 

p s = 2, d = d n = 1, do = 6 — n, 



(4.22) 



ra = 3,4. 

In this case all d(I) = d + d n = 2 , /eO,, and we 
have (n — 1) 3- forms generating (n — 1) intersecting 
membranes. The case do = 3, n = 3 , g = dx 1 ® dx 1 + 
dx 2 ®dx 2 +da; 3 (8)da; 3 , g 3 = —dt®dt is of special interest 
for "physical applications" {x % are space coordinates, 
and t is time). 

D = 10. We get 



P 



2, d 



2, d = 10 - 2n, 



71 = 3,4,5. 

D — 11. In this case 

p s = 3, d = 2, d„ = 1, d = 12 - 2n, 



(4.23) 



(4.24) 
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n = 3, 4, 5 . For A, = we obtain from ( 4.2C ) and 

(Pit) 



ff = #V3 {5 + £^ rV + jff - V}) 



(4.25) 



where H = 11™= l 1 ^ • This solution with g n = —dt®dt 
and flat Euclidean metrics g°, . . . , g™ -1 was considered 
in H (n = 3,4), @ (n = 2,3,4,5) and |§ (n = 5). 

4.2. Systems with maximal element 

Let us consider another example 

n„ = {(l),... s (m),J }, (4.26) 

where 7q = {1, . . . , n} is maximal element and 

rii = n — 1, n = 2k, 

= n, n = 2k- 1, (4.27) 

k G N. We put 

= . . . = e(m) = -1 (4.28) 

and e(n) = 1 if n = 2k. In this case all e(J) = —1, 
For parameters = vu-s , z^o = f/ , Aj = Am , 
Ao = Aj , we have from ( |4.2j ) 

( Vi )- a = d z + + Af, (4.29) 



2-£> 

a (J-do)(do -2) , X2 
M = D^2 



(4.30) 



i = 1, ...,m. The constraints on Ao, Ai read (see 
(4.3)) 



_L^ + Ai A J= 0, i^j, 



di(do-2) 



+ A A l = 0, 



D - 2 

i, j = i,...,m. 

^From ( ff.l| ) we get the solution for the metric 

r- 2i/f 



(4.31) 
(4.32) 



x 



711 2 

x Eirr v+(i-c)3 n ]}, 



where 



H — H, 



(4.33) 



(4.34) 



Here = ifyj , #o_= #i , * = 1, ■ ■ ■ , ™i • 

The solution ( 4.33 ) with n = 2 (and one scalar 
field) was considered recently in Q (see also Q for 
special parameters). Some special cases of the n = 2 
solution were considered also in Q (Z) = 4), |2^, 
H (D = 10,do = 2). 



We also note, that in ref. Q the solution ( 4.33 ) 
with n = 2, dx = 1 , i?o = 1 , .g 1 = — ® and 
flat Euclidean metric g° was generalized to the case of 
non-zero cosmological constant A. The solution (4l) 
for certain couplings describes a collection of multi- 
dimensional extremal dilatonic black holes "living" in 
expanding Universe (in the presence of Ricci-flat inter- 
nal space). 

4.3. Dual representation. Monopole 



Any F -term in the action (2.1) may be presented in 
the following form 



exp^A^Xi^) 2 
where 



exp(-2A/(p)(*F / ) 2 e 



*F 



i _ 



exp(2A / (^)(*F / ), 



(4.35) 



(4.36) 



* is Hodge operator corresponding to the metric g and 
e g = sign(det(gMA r )) = ±1- The equations of motion 
corresponding to F 1 read as Bianchi identities for -kF 1 
and vice versa 

<f(exp(2A/£) * F 1 ) = & d^F 1 ) = 0, (4.37) 
d(exp(-2A/^) * {kF 1 )) = <f> dF 1 = 0, (4.38) 

(the representation -kF 1 = dA 1 exists at least locally) 

The term *F /o (7 = {l,...,n}) is the form of 
rank d Q — 1 and usually is interpreted as monopole. 
The calculation gives 

{[■kF °)i_ ll ...i_ ld 



j _ 1 = exp(2\ Io <? + 2(d - 2)7)e(/ ) x 
x^ w ..., v VM9 ]^ (4-39) 
(see relations (3.33) and ( |3.42| ) ). 



4.4. D — 11 supergravity 

Let us consider the case: D — 11, Aj = 0, / £ f2. 



From (4.2), ( |4.3| ) we have the following possibilities 

{d(I),d(J)} = {3, 3}, {3, 6}, {6, 6} (4.40) 

if d(/n J) = 1,2,4 re spect ively and 2v\ = 1, J, J 6 
0* . Using the rules ( 4.40 ) we may list all possible 
sets fi* , or collections of overlapping 2-branes and 5- 
branes Il9[ fl8[ po| . In this case the relation for the 
metric ([hl|) is nothing more than Tseytlin's " harmonic 
function rule" |l9j obtained from supersymmetry argu- 
ments. 

The 4-form 



F 



/en,, <z(/)=3 



E 

/en,, d(J)=6 



(4.41) 



satisfies the field equations of D = 11 supergravity 
d * F 4 = F 4 A F 4 (4.42) 
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due to relation A J-4 = , equations of motion and 
Bianchi identities for F 1 , I £ CI*. 

We note, that all solutions in D = 11 supergravity 
with overlapping 2- and 5-branes (d(I) — 3,6), con- 
sidered in literature (see Jn| [l8| |2(J and refs. therein), 
may be readily incorporated into considered scheme. 
For example, three 5-brane solution |l9| ] corresponds to 
n = 4, d = 3, g?i = d 2 = d 3 =d 4 = 2, e(l) = e(2) = 
e(3) = -£(4) = 1 , n. = {(2, 3, 4), (1, 3, 4), (1, 2, 4)} . 

Here we present an interesting special solution of 
D = 11 supergravity 

1/3 



9 



left, 



7 

£ 

i=l 



n h 



dy i <g> rfj/' 



(4.43) 



<9 _ 

defined on the manifold M x R 7 . In fl4.43|) (M , 5°) is 
Ricci-flat 4-dimensional manifold of signature (+, — , — , 
and 

fi, = {(l,3,5),(l, 2,6), (2,3,4), 

(1,4, 7), (2, 5, 7), (3, 6, 7), (4, 5, 6)} (4.44) 

(Clearly that the condition ( 3.43| ) is satisfied in this 
case.) This solution describes seven intersecting Eu- 
clidean membranes. 
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